In this paper an inclined nearly taut stay, belonging to a cable-stayed bridge, is considered. It is subject to a prescribed motion at one end, caused by traveling vehicles, and embedded in a wind flow blowing simultaneously with rain. The cable is modeled as a non-planar, nonlinear, one-dimensional continuum, possessing torsional and flexural stiffness. The lower end of the cable is assumed to undergo a vertical sinusoidal motion of given amplitude and frequency. The wind flow is assumed uniform in space and constant in time, acting on the cable along which flows a rain rivulet. The imposed motion is responsible for both external and parametric excitations, while the wind flow produces aeroelastic instability. The relevant equations of motion are discretized via the Galerkin method, by taking one in-plane and one out-of-plane symmetric modes as trial functions. The two resulting second-order, non-homogeneous, timeperiodic, ordinary differential equations are coupled and contain quadratic and cubic nonlinearities, both in the displacements and velocities. They are tackled by the Multiple Scale perturbation method, which leads to first-order amplitude-phase modulation equations, governing the slow dynamics of the cable. The wind speed, the amplitude of the support motion and the internal and external frequency detunings are set as con-A. Luongo ( ) · D. Zulli DISAT, University of L'Aquila, Loc. Monticchio, 67100 L'Aquila (AQ), Italy e-mail: angelo.luongo@univaq.it trol parameters. Numerical path-following techniques provide bifurcation diagrams as functions of the control parameters, able to highlight the interactions between in-plane and out-of-plane motions, as well as the effects of the simultaneous presence of the three sources of excitation.
Introduction
Cables are flexible and light structures, widely used in several engineering applications. Due to their natural aptitude to perform large displacements, in recent decades they have been the focus of the many researches conducted on nonlinear dynamics.
Statics and linear free dynamics of suspended horizontal and inclined cables were studied in [1] [2] [3] . Afterward, pioneering papers addressed nonlinear free dynamics, with special interest on frequency-amplitude relations and internal resonances [4, 5] .
Nonlinear forced dynamics of cables subjected to support motions, in different resonance conditions, were studied from the theoretical [6] [7] [8] [9] and the experimental [10, 11] point of view. In those papers, attention was devoted to both regular and chaotic behavior, and interactions between external and parametric excitations, induced by the support motion, were analyzed.
On the other hand, the linear and nonlinear aeroelastic response of fixed-support horizontal cables with iced cross section, subjected to stationary wind flow causing self-excitation, was studied in [12, 13] . An attempt to roughly take into account the twist in the aerodynamic model of cables was performed in [14] . In [15] [16] [17] , while considering a more realistic extension-torsion coupled constitutive law, a strongly simplified kinematic model was developed. There twist, but not bending, was accounted for, and the influence of the initial curvature on the torsion strain was ignored. Recently, the free dynamics and the modal properties of cables with bending stiffness have been analyzed in [18] [19] [20] , while the bending effect on the damping of cables equipped with TMD has been studied in [21] . Complete nonlinear models were proposed in [22, 23] ; these, however, lead to very complicated equations and suffer of some numerical problems related to the existence of boundary layers, due to the smallness of the flexural terms (nearly singular equations).
In [24] [25] [26] a consistent model of cable-beam accounting for the (small) curvature of the cable, as well as for bending and torsional stiffness was formulated. By retaining only the leading terms in each equations, nonlinear reduced equations were obtained, which are identical to those of the perfectly flexible model, plus an additional equation, of static nature, accounting for both bending and torsion. The model permitted to detect the influence of the dynamic twist on the critical wind velocity. In all these papers, the aerodynamic model was taken from [27] .
Dealing specifically with inclined cables, the formulation of nonlinear models, the analysis of free vibrations and the study of forced dynamics under motion of the support were reported in [28] [29] [30] [31] [32] [33] . On the other hand, wind-exposed fixed-support inclined cables were studied in a stochastic [34] and a deterministic [35] [36] [37] context. In particular, wind-tunnel tests were reported in [36] for inclined cables with attached fixed or moving rain-induced rivulets, which possibly lead to galloping, induced by the asymmetry in the cross section. Furthermore, a two degree of freedom linear model was used in [37] to analyze the experimentally observed galloping of inclined cables in dry conditions.
Studies on the interaction among external, parametric and self-excitation have been carried out both in machine and structural dynamics. Among the former, 1-d.o.f. systems were studied in [38] [39] [40] and nd.o.f. systems were reported in [41, 42] . Among the latter, a reduced 1-d.o.f. nonlinear model of a tall building, subjected to turbulent winds, was analyzed in [43] . There, the steady part of the wind is cause of self-excitation, while the turbulent part provides both parametric and external loads.
The aim of this paper is to study the interaction among the three excitation sources (external, parametric and self-excitation) on a reduced 2-d.o.f. nonlinear model, describing the dynamics of an inclined cable belonging to a cable-stayed bridge. The model of the cable, able to twist, is taken from [26] and a sinusoidal vertical motion of given amplitude and frequency is imposed on the lower end, simulating the traffic on the deck. This is responsible for both external and parametric excitations. A uniform wind flow, blowing under a yaw angle with respect to the plane of the static configuration of the cable, is also applied. The presence of a fixed rivulet, breaking the crosssection symmetry, is accounted for by extending the aerodynamic model by Wang and Xu [36] to include twist. The wind is responsible for the self-excitation, as well as for modification of the parametric and external terms. The resulting equations are discretized via the Galerkin method, by assuming one in-plane and one out-of-plane modes as trial functions, accounting for the internal resonance. The two resulting secondorder, non-homogeneous, time-periodic, ordinary differential equations are coupled, containing quadratic and cubic nonlinearities, both in the displacements and velocities. They are tackled by the Multiple Scale perturbation method [44, 45] , with the help of advices included in [46, 47] . Internal resonance between the two selected modes, and external resonance between the forcing and natural frequencies are accounted for. The algorithm leads to first-order amplitude-phase modulation equations, governing the slow dynamics of the cable. The wind speed, the amplitude of the support motion and the internal and external frequency detunings are set as control parameters. Numerical pathfollowing techniques provide bifurcation diagrams as functions of the control parameters, able to highlight the interactions between the three sources of excitation.
The paper is organized as follows: The equations of motion are formulated in Sect. 2. The discretization is performed in Sect. 3. The perturbation analysis is carried out in Sect. 4, where the amplitude modulation equations are derived. These latter are numerically
